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Abstract
We study resolutions of singularities of orbit closures in quiver rep-
resentations. We consider certain resolutions of singularities which have
already been constructed by Reineke, and we determine under which con-
ditions they are crepant. More specifically, we deal with quivers of type
A3, An, D4. Then, as an application of the results we have found, we con-
struct several Fano and Calabi-Yau varieties as orbital degeneracy loci.
1 Introduction
The study of orbits inside representations of algebraic groups is a quite lively
subject that has been confronted by many authors; for instance in [Wey03] the
so-called geometric technique is developed, and many applications are given, for
example to the study of determinantal varieties. Using resolutions of singulari-
ties of such orbit closures, it is possible to understand if they are normal, what
kind of singularities they have, if they are Cohen-Macaulay or Gorenstein affine
varieties.
In this paper we are interested in studying properties of orbit closures inside
quiver representations. In particular, we find crepant resolutions of singularities
of such orbit closures. Apart from the fact that admitting a crepant resolu-
tion has strong geometric implications for the variety in question (e.g. it is
Gorenstein, see [BFMT]), we are interested in crepancy because it is a very use-
ful property when dealing with orbital degeneracy loci (defined in [BFMT17]).
Indeed, it allows to explicitly compute the canonical bundle of the orbital de-
generacy locus, and therefore can be used to produce new Fano varieties and
varieties with trivial canonical bundle.
We chose to analyze the case of quiver orbits because of the nice properties
they have. In particular, when the quivers are of finite type, a complete de-
scription of such orbits is known ([Gab72]). We dealt with the quivers of type
An and D4.
After recalling basic facts about orbital degeneracy loci and quiver repre-
sentations, we explain Reineke’s construction of resolutions of singularities of
quiver orbit closures. Then we use those resolutions to find crepant ones for
quivers of type A3, one-way and source-sink quivers of type An, and a quiver
∗Aix-Marseille Universite´, CNRS, Centrale Marseille, I2M, UMR 7373, 13453 Marseille,
France.
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of type D4. Finally, some orbital degeneracy loci fourfolds (and one threefold)
with trivial canonical bundle are constructed using the results in the paper.
Acknowledgements. This work has been carried out in the framework of the
Labex Archime`de (ANR-11-LABX-0033) and of the A*MIDEX project (ANR-
11-IDEX-0001-02), funded by the “Investissements d’Avenir” French Govern-
ment programme managed by the French National Research Agency.
2 Quiver Representations
Let Q = (S,A) be a quiver; S is the set of vertices of the quiver, and A the
set of arrows. Each arrow a ∈ A starts from the vertex a(0) ∈ S and ends on
the vertex a(1) ∈ S. A quiver is said to be source-sink if for each vertex s ∈ S,
either all the arrows that are connected to s start from it, or they end on it.
If T is the type of a certain semisimple Lie algebra (e.g. T = An, Bn, . . . )
then we will say that the quiver Q is of type T if the underlying graph of Q
(which is obtained by replacing arrows with edges) is the Dynkin diagram of
type T . We will always assume that the quiver has no loops, meaning that its
graph has no loops, so that the possible Dynkin types are An, Dn, E6, E7, E8.
Actually, for the definition of quivers of type Bn, Cn, G2, F4, one needs a more
general definition of quiver (i.e. that of a valued quiver, as is defined for example
in [DR76]).
If Q is of type An, we will say that it is a one-way quiver if all the arrows
point in the same direction.
Definition 2.1. A representation φ of a quiver Q = (S,A) is defined by the
choice of a vector space Vs of dimension ds for all s ∈ S and of a morphism
φa : Va(0) → Va(1) for every a ∈ A. The data d = {ds}s∈S is usually referred to
as the dimension vector of the representation.
Definition 2.2. Consider two representations φ = ((Vs)s∈S , (φa)a∈A) and ψ =
((Ws)s∈S , (ψa)a∈A) of a quiver Q. A morphism α : φ→ ψ between them is the
data of morphisms αs : Vs → Ws for every s ∈ S such that for every a ∈ A the
following diagram commutes:
Va(0)
αa(0)

φa
// Va(1)
αa(1)

Wa(0)
ψa
// Wa(1)
The parameter space Rd for representations of a quiver Q with a given
dimension vector d (and fixed spaces (Vs)s∈S) is
Rd :=
⊕
a∈A
Hom(Va(0), Va(1)) ,
on which there is a natural action of
G :=
∏
s∈S
GL(Vs) .
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Remark 2.3. One can look at Rd as a representation of the group G. It is
straightforward to see that orbits in Rd under the action of G are in one-to-
one correspondence with isomorphism classes of representations with dimension
vector d.
We address now the problem of classifying the orbits in such a parameter
space Rd, which is equivalent to classifying isomorphism classes of representa-
tions of Q. For some special type of quivers, Gabriel’s theorem ([Gab72]) gives
this classification:
Definition 2.4. A quiver Q is said to be of finite type if there exists only a
finite number of isomorphism classes of indecomposable representations of Q.
Theorem 2.5 ([Gab72]). A quiver Q is of finite type if and only if Q is of
type An, Dn, E6, E7, E8 or a finite disjoint unions of those. Moreover in
this case, there is a bijection between isomorphism classes of indecomposable
representations and positive roots of the Dynkin diagram underlying Q.
Corollary 2.6. If Q is of finite type, there are only finitely many orbits in Rd
under the action of G for a fixed d.
Example 2.7. Consider a quiver of type A2 (with the arrow toward the second
vertex, for example). The parameter space for representations Rd = Rd1,d2 is
the space of matrices Hom(V1, V2), where dim(Vi) = di, i = 1, 2. The inde-
composable representations are three; we denote by αi the i-th simple root of
A2, and the indecomposable representations associated to the positive roots as
φα1 , φα2 , φα1+α2 . Their dimension vectors are respectively (1, 0), (0, 1), (1, 1).
Notice that these vectors are given by the coefficients of the positive root in the
basis of simple roots; this is actually a general fact which comes from a more
precise statement of Gabriel’s theorem.
Orbits in Rd1,d2 correspond to the possible direct sums of the indecompos-
able representations with dimension vector (d1, d2). For 0 ≤ r ≤ min(d1, d2),
they are of the form rφα1+α2 ⊕ (d1 − r)φα1 ⊕ (d2 − r)φα2 . The corresponding
orbit Or is the orbit in Hom(V1, V2) under the action of GL(V1) × GL(V2) of
matrices of rank r.
2.1 Reineke’s resolutions
In the following we study the orbit closures in Rd for a fixed quiver Q under the
action of G =
∏
s∈S GL(Vs). More precisely, we give a description of a desin-
gularization of the orbit closures, which was first found by Reineke in [Rei03].
In Section 3, we will see some concrete examples of those desingularizations.
The power of Reineke’s construction is that it gives a desingularization of each
orbit closure; by working out the examples, we will see that in some cases these
desingularizations are easy to understand and very natural.
We will follow Reineke’s paper [Rei03]. The desingularizations are indexed
by monomials in S.
Definition 2.8. A monomial in S is a couple (~s,~a), where ~s = (s1, . . . , sτ ) ∈
Sτ , ~a = (a1, . . . , aτ ) ∈ N
τ for a certain τ .
To each monomial we will associate a flag variety F(~s,~a) and a vector bundle
W(~s,~a) on it. Consider the vector space V = ⊕s∈SVs. For s ∈ S, a subspace (or
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more generally, a quotient of a subspace) of V is said to be pure of type s if it
is contained in Vs (if it is generated by a subspace of Vs). Then
F(~s,~a) =
{
Flags 0 = F τ ⊂ · · · ⊂ F 1 ⊂ F 0 = V s.t.
F i−1/F i is pure of type si and dimension ai
}
In fact, it is possible to write this variety as a product of usual flag varieties:
it suffices to separate the contributions of the different Vs’s. For s ∈ S, let us
define (as1, . . . , a
s
µ) = (ai1 , . . . , aiµ), where (i1, . . . , iµ) are all the occurrences of
s in ~s (i.e. si1 = · · · = siµ = s). Then :
F(~s,~a) ∼=
∏
s∈S
{Flags in Vs whose i-th successive quotient has dimension a
s
i} =
=
∏
s∈S
F (as1, a
s
1 + a
s
2, . . . , Vs)
The vector bundleW(~s,~a) is given by the elements inRd which are compatible
with the flag variety F(~s,~a); more precisely, over a point
F • = {0 = F τ ⊂ · · · ⊂ F 1 ⊂ F 0 = V } ∈ F(~s,~a),
the fiber of this bundle is defined as:
(W(~s,~a))F• = {w ∈ Rd ⊂ End(V ) s.t. w(F
k) ⊂ F k for 0 ≤ k ≤ τ}.
We denote by π(~s,~a) :W(~s,~a) →Rd the natural projection.
Remark 2.9. By the description of F(~s,~a) as a product of flag varieties, it is clear
that it is a homogeneous variety under the action of G, and the vector bundle
W(~s,~a) is G-homogeneous. Being the projection morphism π(~s,~a) G-equivariant,
its image is G-stable. Moreover, it is irreducible and closed (since π(~s,~a) is
projective). If Q is of finite type, there is a finite number of orbits in Rd,
and therefore π(~s,~a)(W(~s,~a)) is the closure of one of them. Actually, for every
orbit closure in Rd, a resolution of singularities of the type W(~s,~a) for a certain
monomial (~s,~a) always exists (and is not unique!), as explained by the following
theorem.
Theorem 2.10 ([Rei03]). For each representation M ∈ Rd, there exists a
monomial (~s,~a)(M) such that π(~s,~a)(M) is a desingularization of the orbit closure
OM of M , and is an isomorphism when restricted to the preimage of OM .
The theorem is proven by showing that each representation M admits a
filtration (of indecomposable representations) of a certain type (~s,~a)(M), and
then constructing from this data a desingularization of OM .
Example 2.11. Before considering non-trivial cases, let us convince ourselves
that despite the heavy notation, we are dealing with familiar objects. We start
from the situation described in Example 2.7. We want to construct a desingu-
larization of Yr = Or ⊂ Hom(V1, V2) by using Reineke’s method. A monomial
that defines a resolution of singularities of Yr is given by (s1, d1 − r) (where s1
is the first vertex). Then:
F := F(s1,d1−r)
∼= Gr(d1 − r, V1)
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and, if P ∈ F ,
(W(s1,d1−r))P = {M ∈ Hom(V1, V2) s.t. M |P = 0}
Therefore,W(s1,d1−r) = Q
∗⊗V2, where Q is the quotient bundle over F . This is
a well known resolution of determinantal variety. Other choices of the monomial
are possible, and give other desingularizations of the same orbit closure.
3 Crepant resolutions
The aim of this section is to find resolutions of orbit closures in quiver repre-
sentations, and conditions under which they are crepant. We will start with
quivers of type A3, and then we will deal with quivers of type An. Finally, in
order to go beyond the An case, we will give some results on quivers of type D4.
3.1 The quiver A3
Let us consider a quiver Q = (S,A) of type A3, where S = {s1, s2, s3}, and A =
{a1, a2}. We also fix vector spaces V1, V2, V3 of dimension vector d = d1, d2, d3.
According to the direction of the arrows, three different quivers occur. We study
them separately.
3.1.1 Quiver with a1(1) = a2(1) = s2
The quiver is represented by the following picture:
Q
s1 s2 s3
a1 a2
This configuration has been studied in [Sut13]. Rd is the representation
Hom(V1, V2) ⊕ Hom(V3, V2). Fix three integers r1, r2, p1. Under the action of
G = GL(V1)×GL(V2)×GL(V3), all the orbits in Rd are of the form
Or1,r2,p1 =
{
φ ∈ Rd s.t. dim(Im φa1) = r1 , dim(Imφa2) = r2 ,
dim(Imφa1 + Imφa2) = p1
}
for all geometrically possible r1, r2, p1 (e.g. p1 ≥ max{r1, r2}). This means that
what defines an orbit is the rank of the morphisms, and the relative position of
the images, i.e. the dimension of the sum (we will see that in the other quivers
too, a similar description of the orbits will hold).
Remark 3.1. If needed, for a given element φ in the orbit, we will denote by
Ui, Uij , U123 respectively the image of φai , the intersection Imφai ∩ Imφaj and
the intersection Imφa1 ∩ Imφa2 ∩ Imφa3 (the last will make sense for quivers of
type D4); their respective dimensions will be denoted by ui, uij , u123. Moreover,
we will denote by Sij , S123 respectively the sum Imφai + Imφaj and the sum
Imφa1 +Imφa2 +Imφa3 (again, the last will make sense for quivers of type D4),
of dimensions sij , s123.
When we consider the closure of such an orbit we obtain:
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Lemma 3.2. The orbit closure Or1,r2,p1 is given by:
Or1,r2,p1 =
{
φ ∈ Rd s.t. dim(Im φa1) ≤ r1 , dim(Im φa2) ≤ r2 ,
dim(Im φa1 + Imφa2) ≤ p1
}
Proof. The inequalities come from the fact that the dimension of the kernels of
φa1 , φa2 , φa1 ⊕ φa2 can only be greater than those of the elements in the orbit.
When u1 + u2 ≥ p1, the upper bound for s12 is p1 because one can suppose
that, moving inside Or1,r2,p1 , the images of the two morphisms collapse inside
their intersection in a complementary way; if u1 + u2 < p1, the upper bound is
reached when the intersection of the images of the two morphisms is zero.
Moreover, whenever the points φ with given u1, u2 and s12 belong to the
orbit closure, then also the points ψ with dim(Imψa1) = u1, dim(Imψa1) = u2
and dim(Imψa1 + Imψa2) ≤ s12 belong to it, because suitable subspaces of the
images of the morphisms φa1 and φa2 can collapse onto each other, so that the
dimension of the intersection raises.
Remark 3.3. Recall that each orbit corresponds to an equivalence class of
quiver representations. Moreover, equivalence classes of indecomposable repre-
sentations correspond to positive roots of A3 (Theorem 2.5), and are indexed
by their dimension vectors (see Example 2.7). Therefore, each representation is
of the form
a(0, 1, 0)⊕ b(1, 1, 0)⊕ c(0, 1, 1)⊕ d(1, 1, 1)⊕ e(1, 0, 0)⊕ f(0, 0, 1)
for some integers a, b, c, d, e, f . It corresponds to the orbit Or1,r2,p1 , with d1 =
b+ d+ e, d2 = a+ b+ c+ d, d3 = c+ d+ f , r1 = b+ d, r2 = c+ d, p1 = b+ c+ d
(a similar interpretation of the orbits holds for the other A3 cases, even though
we will not give further details for them).
In [Sut13], Sutar used the geometric technique (see [Wey03]) and Reineke’s
resolutions to classify all Gorenstein orbits:
Theorem 3.4 ([Sut13]). The orbit closure Or1,r2,p1 in Rd is Gorenstein if and
only if one of the following conditions hold:
(i) d1 = d3 = p1, d2 = r1 + r2;
(ii) d3 = r1 = p1, d2 = d1 + r2;
(iii) r1 = p1, r2 = d3, d2 = d1 + d3;
(iv) d1 = r2 = p1, d2 = d3 + r1;
(v) r2 = p1, r1 = d1, d2 = d1 + d3.
Remark 3.5. Conditions (iv) and (v) are equivalent to conditions (ii) and (iii)
when the two vertices of Q are exchanged.
Remark 3.6. Notice that condition (ii) implies that Imφa2 ⊂ Imφa1 , and
condition (iii) implies that Imφa2 ⊂ Imφa1 and Kerφa2 = {0}.
6
We now use Reineke’s construction to find desingularizations for all orbits
in Rd, therefore they will be total spaces of a vector bundle W ⊂ Rd×F over a
homogeneous variety F . In practice, we will distinguish between three types of
orbits, each of which admits a different kind of resolution. As we are interested
in crepant resolutions, we try to find those resolutions π : Z → O which are
not dominated by some other desingularization π′ : Z ′ → O (i.e. such that
there exists no morphism f : Z ′ → Z with the property that π′ = π ◦ f). This
condition guided our choice of desingularization, even though there are other
possibilities one could consider.
Let us define the variety
Fi = Gr(d1 − r1, V1)×Gr(p1, V2)×Gr(d3 − r2, V3).
Let us denote Ui, Qi the tautological and quotient bundle over the Grassmannian
of subspaces in Vi; then
Wi = (Q
∗
1 ⊕Q
∗
3)⊗ U2 ⊂ (V
∗
1 ⊕ V
∗
3 )⊗ V2.
The total space ofWi is a desingularization ofOr1,r2,p1 when p1 6= r1, r2. Indeed,
the variety Fi is parametrizing the planes Kerφ1 ⊂ V1, Kerφ2 ⊂ V3 and Imφ1+
Imφ2 ⊂ V2 for all the elements φ ∈ Or1,r2,p1 .
Remark 3.7. This total space is actually one of Reineke’s resolutions. In the
notation of the previous section, define:
(~s,~a) = ((s1, s3, s2, s1, s3), (d1 − r1, d3 − r2, p1, d1, d3)).
Then, (F(~s,~a),W(~s,~a)) desingularizes the orbit of elements φ ∈ Rd such that
Ker(φa1) contains a space of dimension d1 − r1, Ker(φa2 ) contains a space of
dimension d3 − r2, Im(φa1) and Im(φa2 ) are both contained in the same space
of dimension p1. This means that (F(~s,~a),W(~s,~a)) desingularizes Or1,r2,p1 , and
one can easily see that it is equal to (Fi,Wi).
The next two desingularizations admit the same interpretation, respectively
for
(~s,~a) = ((s3, s2, s1, s3), (d3 − r2, r1, d1, d3))
and for
(~s,~a) = ((s2, s1, s3), (r1, d1, d3)).
In the following of the paper, we will not explicit the vectors (~s,~a) for the
resolutions we will use, but it should be kept in mind that they can be interpreted
as belonging to Reineke’s construction.
In the case p1 = r1 we consider
Fii = Gr(r1, V2)×Gr(d3 − r2, V3)
with the bundle
Wii = (V
∗
1 ⊕Q
∗
3)⊗ U2
whose total space is a desingularization of the orbit closure Or1,r2,r1 when r2 6=
d3. In this case, as p1 = r1, we do not need to fix the kernel of φ1 because we
are already fixing its image in V2.
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Finally, if p1 = r1 and r2 = d3, the resolution of Or1,r2,p1 is given by the
total space of Wiii over Fiii, where:
Fiii = Gr(r1, V2),
Wiii = (V
∗
1 ⊕ V
∗
2 )⊗ U2.
Remark 3.8. The resolutions Sutar used in her work are not in general the same
as those we chose to use. Indeed, she used Reineke’s resolutions (F(~s,~a),W(~s,~a))
such that
ξ∗ = (F(~s,~a) ×Rd)/W(~s,~a) = (U
∗
1 ⊕ U
∗
3 )⊗Q2.
For these resolutions the expression of ξ in terms of irreducible bundles is very
easy. This is particularly useful to apply the geometric technique, for which the
cohomology of ∧iξ has to be computed.
For what concerns the crepant condition for those resolutions, we have the
following result:
Proposition 3.9. Let us take the orbit closure Or1,r2,p1 ⊂ Rd, and consider
its resolution of singularities of the form described above. The orbit closure is
Gorenstein if and only if the resolution is crepant.
Proof. Let us suppose the resolution is given by Wi over Fi; we prove that it
is crepant when the orbit satisfies condition (i) of Theorem 3.4. The proof for
Wii over Fii (condition (ii)) and Wiii over Fiii (condition (iii)) is similar.
The crepancy condition of a Kempf collapsing gives in our case det(Wi) =
KFi . We have
det(Wi) = O1(−p1)⊗O2(−r1 − r2)⊗O3(−p1)
and
KFi = O1(−d1)⊗O2(−d2)⊗O3(−d3).
By equating the different terms, we get condition (i).
Remark 3.10. The resolution given by Wiii over Fiii is actually the resolution
of determinantal varieties for Hom(V1 ⊕ V3, V2) of rank r1. Therefore, the cor-
responding orbit is a determinantal orbit. Indeed, the Gorenstein condition is
the same as the one that holds for determinantal varieties (d1 + d3 = d2).
3.1.2 Quiver with a1(0) = a2(0) = s2
This quiver is represented by the following picture:
Q
s1 s2 s3
a1 a2
The representation we are dealing with is Rd = Hom(V2, V1)⊕Hom(V2, V3).
Fix three integers k1, k2, q1. Then the orbits are
Ok1,k2,q1 =
{
φ ∈ Rd s.t. dim(Kerφa1) ≥ k1 , dim(Kerφa2) = k2 ,
dim(Kerφa1 ∩Kerφa2) = q1
}
for d2 − d1 ≤ k1 ≤ d2, d2 − d3 ≤ k2 ≤ d2, and q1 ≤ min{k1, k2}. Again, what
matters is the relative position of the two subspaces (kernels) in V2.
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Lemma 3.11. The orbit closure Ok1,k2,q1 is given by:
Ok1,k2,q1 =
{
φ ∈ Rd s.t. dim(Kerφa1) ≥ k1 , dim(Kerφa2) ≥ k2 ,
dim(Kerφa1 ∩Kerφa2) ≥ q1
}
Proof. Consider the dual situation, i.e. dual morphisms φ∗a1 and φ
∗
a2 , and reason
as in the proof of Lemma 3.2.
Depending on the choice of k1, k2, q1, there are two different kinds of reso-
lutions. On one hand, if q1 6= k1, k2, then we have resolution (i) given by the
total space of
Wi := Q
∗
2⊗(U1⊕U3) over Fi := Gr(d2−k1, V1)×Gr(q1, V2)×Gr(d2−k2, V3).
On the other hand, if q1 = k1 (and similarly for q1 = k2), we have resolution
(ii) given by
Wii := Q
∗
2 ⊗ (V1 ⊕ U3) over Fii := Gr(q1, V2)×Gr(d2 − k2, V3).
The following proposition describes when resolutions of type (i) and (ii) are
crepant.
Proposition 3.12. Resolutions of type (i) are crepant when d1 = d3 =
d2 − q1, k1 + k2 = d2.
Resolutions of type (ii) are crepant when q1 = k1, d1 = k1, d3 = d2 − k1.
Proof. The proof is similar to the one of Proposition 3.9.
Remark 3.13. The quiver studied in this section can be thought of as being the
dual of the one considered in Section 3.1.1. Indeed, the representations (orbits,
desingularizations) of one can be obtained from the other by considering the
dual situation, i.e. by passing from morphisms φa1 and φa2 to their duals φ
∗
a1
and φ∗a2 . The same can be said for the quivers that will be studied in Section
3.2.3 and Section 3.2.4.
3.1.3 Quiver with a1(0) = s1, a2(0) = s2
This quiver is represented by the following picture:
Q
s1 s2 s3
a1 a2
The representation we are dealing with is Rd = Hom(V1, V2)⊕Hom(V2, V3).
Fix three integers r1, k2, u1. Then, the orbits are
Or1,k2,u1 =
{
φ ∈ Rd s.t. dim(Imφa1) = r1 , dim(Kerφa2) = k2 ,
dim(Imφa1 +Kerφa2) = u1
}
for r1 ≤ min{d2, d1}, d2 − d3 ≤ k2 ≤ d2, and min{r1, k2} ≤ u1 ≤ min{r1 +
k2, d2}. Again, what matters is the relative position of the two subspaces (image
and kernel) in V2.
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Lemma 3.14.
Or1,k2,u1 =
{
φ ∈ Rd s.t. dim(Imφa1) ≤ r1 , dim(Kerφa2) ≥ k2 ,
dim(Imφa1 +Kerφa2) ≤ u1 + dim(Kerφa2)− k2
}
Proof. The only non trivial condition is the last one. The upper bound of the
inequality is attained, for fixed φa1 , by collapsing the morphism φa2 so that
its kernel becomes bigger while Imφa1 ∩ Kerφa2 remains unchanged. On the
other hand, when Imφa1 6⊂ Kerφa2 , the dimension of Imφa1 can be reduced
without changing Imφa1 + Kerφa2 . Then, if the dimensions of Kerφa2 and
Imφa1 are fixed, one can collapse these spaces onto each other; this “movement”
just reduces the dimension of Imφa1 +Kerφa2 . Hence all the possibilities which
satisfy the inequality correspond to points in the orbit closure.
Depending on the choice of r1, k2, u1, there are two different kinds of reso-
lutions. On one hand, if u1 6= k2, then we have resolution (i) given by the total
space of
Wi := (Q
∗
1⊗U2,2)⊕((V2/U2,1)
∗⊗V3) over Fi := Gr(d1−r1, V1)×F (k2, u1, V2).
where F (k2, u1, V2) is the flag variety with tautological bundles U2,1 ⊂ U2,2 of
rank k2, u1. On the other hand, if u1 = k2, we have resolution (ii) given by
Wii := (Q
∗
1 ⊗ U2)⊕ (Q
∗
2 ⊗ V3) over Fii := Gr(d1 − r1, V1)×Gr(k2, V2).
Proposition 3.15. Resolutions of type (i) are crepant when k2 = d2− r1 =
d1 − u1, d1 = d3.
Resolutions of type (ii) are crepant when u1 = k2, d1 − r1 = d2 − k2, d3 =
2(d2 − k2).
3.2 One-way and source-sink quivers of type An
In this section we find crepant resolutions for certain orbit closures in Rd for a
quiver of type An, in a similar way we have proceeded for the A3 quivers. It is
a natural generalization of the results of the previous section.
Let us suppose Q = (S,A), is a quiver of type An with vertices S =
{s1, . . . , sn} and arrows A = {a1, . . . , an−1}. The vector spaces V1, . . . , Vn of
dimensions d = (d1, . . . , dn) are those appearing in the definition of Rd. For
later use, let us denote by F (α1, α2, Vi) the flag variety in Vi with tautological
bundles Ui,1 ⊂ Ui,2 of ranks α1, α2 (for the Grassmannian, we will write Ui,1 or
Ui,2 for the tautological bundle, according to the symmetries of the formula it
will appear in).
3.2.1 One-way quiver of type An
This quiver is represented by the following picture (all the arrows point in the
same direction):
Q
s1 s2 sn−1 sn
a1 an−1
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Fix integer vectors k = (k1, . . . , kn−1), t = (t2, . . . , tn−1), and consider the
orbits given by
Ok,t =
{
φ ∈ Rd s.t. dim(kerφai) = ki for 1 ≤ i ≤ n− 1 ,
dim(Imφai ∩Kerφai+1) = ti+1 for 1 ≤ i ≤ n− 2
}
.
Remark 3.16. Not all the orbits in Rd are of the form Ok,t for some k, t.
In order to consider other orbits, one should also fix the dimension of other
characteristic subspaces, for example of Kerφi+1 ∩ Im(φi ◦ φi−1), just to name
one. By using notations similar to Example 2.7 and Remark 3.3, the orbits Ok,t
correspond to representations of the form⊕
i
αi(0, . . . , 0, 1, 0, . . . , 0)⊕
⊕
j
βj(0, . . . , 0, 1, 1, 0, 0, . . . , 0)⊕
⊕
⊕
l
γl(0, . . . , 0, 0, 1, 1, 1, 0, . . . , 0).
We study those orbits because the desingularization of their closure is the naive
generalization of the ones in the A3 case. A similar argument holds for the other
An cases.
Suppose ti 6= ki for 2 ≤ i ≤ n − 1. A resolution of singularities of Ok,t is
given by the total space of the vector bundle
W = ((Vn−1/Un−1,1)
∗ ⊗ Vn)⊕
n−1⊕
i=1
((Vi/Ui,1)
∗ ⊗ Ui+1,2)
over the variety
F = Gr(k1, V1)×
n−1∏
i=2
×F (ki, di−1 − ki−1 + ki − ti, Vi).
Proposition 3.17. Consider an orbit closure Ok,t with ti 6= ki for 2 ≤ i ≤ n−1.
Then, the resolution of singularities defined by W,F as above is crepant if and
only if there exists r such that
d1 = dn = di − ti for 2 ≤ i ≤ n− 1 and r = di − ki for 1 ≤ i ≤ n− 1.
3.2.2 Source-sink quiver of type A2m
This quiver is represented by the following picture (all nodes are either a source
or a sink for the arrows):
Q
s1 s2 s3 s2m−2 s2m−1 s2m
a1 a2 a2m−2 a2m−1
Fix integer vectors r = (r1, . . . , r2m−1), p = (p1, . . . , pm−1), q = (q1, . . . , qm−1)
and consider the orbits given by
Or,p,q =
{ φ ∈ Rd s.t. dim(Imφai) = ri for 1 ≤ i ≤ 2m− 1 ,
dim(Imφa2i−1 + Imφa2i) = pi for 1 ≤ i ≤ m− 1 ,
dim(kerφa2i+1 ∩ kerφa2i ) = qi for 1 ≤ i ≤ m− 1
}
.
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Suppose pi 6= r2i−1, r2i and qi 6= d2i+1 − r2i+1, d2i+1 − r2i for 1 ≤ i ≤ m− 1.
A resolution of singularities of Or,p,q is given by the total space of the vector
bundle
W = ((V2m−1/U2m−1,2)
∗ ⊗ V2m)⊕
⊕
m−1⊕
i=1
(((V2i−1/U2i−1,2)
∗ ⊗ U2i,2)⊕ ((V2i+1/U2i+1,1)
∗ ⊗ U2i,1))
over the variety
F = Gr(d1 − r1, V1)×
m−1∏
i=1
(F (r2i, pi, V2i)× F (qi, d2i+1 − r2i+1, V2i+1)).
Proposition 3.18. Consider an orbit closure Or,p,q with pi 6= r2i−1, r2i and
qi 6= d2i+1 − r2i+1, d2i+1 − r2i for 1 ≤ i ≤ m − 1. Then, the resolution of
singularities defined by W,F as above is crepant if and only if
d1 = d2m = pi for 1 ≤ i ≤ m− 1 , qi = d2i+1 − d1 for 1 ≤ i ≤ m− 1 and
ri = di+1 − ri+1 for 1 ≤ i ≤ 2m− 2.
3.2.3 Source-sink quiver of type A2m+1, type I
The quiver is represented by the following picture (all nodes are either a source
or a sink for the arrows):
Q
s1 s2 s3 s2m−1 s2m s2m+1
a1 a2 a2m−1 a2m
Fix integer vectors r = (r1, . . . , r2m), p = (p1, . . . , pm), q = (q1, . . . , qm−1)
and consider the orbits given by
Or,p,q =
{
φ ∈ Rd s.t. dim(Im φai) = ri for 1 ≤ i ≤ 2m ,
dim(Im φa2i−1 + Imφa2i ) = pi for 1 ≤ i ≤ m ,
dim(kerφa2i+1 ∩ kerφa2i ) = qi for 1 ≤ i ≤ m− 1
}
.
Suppose pi 6= r2i−1, r2i and qj 6= d2j+1 − r2j+1, d2j+1 − r2j for 1 ≤ i ≤ m
and 1 ≤ j ≤ m− 1. A resolution of singularities of Or,p,q is given by the total
space of the vector bundle
W =
m−1⊕
i=1
(((V2i−1/U2i−1,2)
∗ ⊗ U2i,2)⊕ ((V2i+1/U2i+1,1)
∗ ⊗ U2i,1))⊕
⊕((V2m−1/U2m−1,2)
∗ ⊗ U2m,2)⊕ (V
∗
2m+1 ⊗ U2m,1)
over the variety
F = Gr(d1 − r1, V1)× F (r2m, pm, V2m)×
×
m−1∏
i=1
(F (r2i, pi, V2i)× F (qi, d2i+1 − r2i+1, V2i+1)).
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Proposition 3.19. Consider an orbit closure Or,p,q with pi 6= r2i−1, r2i and
qj 6= d2j+1 − r2j+1, d2j+1 − r2j for 1 ≤ i ≤ m and 1 ≤ j ≤ m − 1. Then, the
resolution of singularities defined by W,F as above is crepant if and only if
d1 = d2m+1 = pi for 1 ≤ i ≤ m , qi = d2i+1 − d1 for 1 ≤ i ≤ m− 1 and
ri = di+1 − ri+1 for 1 ≤ i ≤ 2m− 1.
3.2.4 Source-sink quiver of type A2m+1, type II
The quiver is represented by the following picture (all nodes are either a source
or a sink for the arrows):
Q
s1 s2 s3 s2m−1 s2m s2m+1
a1 a2 a2m−1 a2m
Fix integer vectors r = (r1, . . . , r2m), p = (p1, . . . , pm−1), q = (q1, . . . , qm)
and consider the orbits given by
Or,p,q =
{ φ ∈ Rd s.t. dim(Im φai) = ri for 1 ≤ i ≤ 2m ,
dim(Imφa2i + Imφa2i+1) = pi for 1 ≤ i ≤ m− 1 ,
dim(kerφa2i ∩ kerφa2i−1) = qi for 1 ≤ i ≤ m
}
.
Suppose pi 6= r2i+1, r2i and qi 6= d2i − r2i−1, d2i − r2i for all possible i.
A resolution of singularities of Or,p,q is given by the total space of the vector
bundle
W =
m−1⊕
i=1
(((V2i/U2i,1)
∗ ⊗ U2i−1,1)⊕ ((V2i/U2i,2)
∗ ⊗ U2i+1,2))⊕
⊕((V2m/U2m,1)
∗ ⊗ U2m−1,1)⊕ ((V2m/U2m,2)
∗ ⊗ U2m+1,2)
over the variety
F = Gr(r1, V1)× F (qm, d2m − r2m, V2m)×
×
m−1∏
i=1
(F (qi, d2i − r2i, V2i)× F (r2i+1, pi, V2i+1)).
Proposition 3.20. Consider an orbit closure Or,p,q with pi 6= r2i+1, r2i and
qi 6= d2i − r2i−1, d2i − r2i for all possible i. Then, the resolution of singularities
defined by W,F as above is crepant if and only if
d1 = d2m+1 = pi for 1 ≤ i ≤ m− 1 , qi = d2i − d1 for 1 ≤ i ≤ m and
ri = di+1 − ri+1 for 1 ≤ i ≤ 2m− 1.
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3.3 The quiver D4
The study of quivers of type D4 presents some interesting difficulties, especially
involving the construction of desingularizations for the orbit closures. We will
study the crepancy condition for the resolutions of singularities we will consider
among Reineke’s resolutions.
Let us begin with a quiver Q(S,A) of type D4 with S = (s1, s2, s3, s4),
A = (a1, a2, a3). We will study the quiver with all the arrows pointing toward
the central vertex s2 (this is the analogue of the quiver of type A3 studied by
Sutar). The quiver is represented by the following picture:
Q
s1 s2
s3
s4
a1
a2
a3
The vector spaces appearing in the definition of Rd are V1, . . . , V4 of dimen-
sions d1, . . . , d4. Fix integers ri for i = 1, 2, 3, rij for 1 ≤ i < j ≤ 3, and r123.
Define x :=
∑
i ri−
∑
i<j rij + r123. All the orbits are of the following form, for
geometrically possible r:
Or =
{
φ ∈ Rd s.t. dim(Im φai) = ri for i = 1, 2, 3 ,
dim(Imφai ∩ Imφaj ) = rij for 1 ≤ i < j ≤ 3 ,
dim(Imφa1 ∩ Imφa2 ∩ Imφa3) = r123
}
.
In words, we are fixing the relative position of the images of the morphisms.
Suppose that, for the elements in the orbit φ ∈ Or, there is no equality
between the spaces Ui, Uij , U123. Then, we consider the Kempf collapsing (i)
given by the vector bundle
Wi = ((
⊕
i=1,3,4
Ui,2/Ui,1)
∗ ⊗ U2,1)⊕ ((
3⊕
i=1,3,4
Vi/Ui,2)
∗ ⊗ (V2/U2,1))
over
Fi = F (d1 − r1, d1 − r1 + r12 + r13 − r123, V1)×Gr(r12 + r13 + r23 − 2r123, V2)×
×F (d3−r2, d3−r2+r12+r23−r123, V3)×F (d4−r3, d4−r3+r13+r23−r123, V4).
The motivation for this choice is that the base variety Fi parametrizes, for
the elements inside Or, the subspaces Kerφa1 ⊂ φ
−1
a1 (U12 + U13) ⊂ V1 (and
similarly for the other spaces V3, V4) and U12 + U13 + U23 ⊂ V2.
Remark 3.21. Even though it may seem we are losing some information (e.g.
not fixing the dimension of U123), we are not. For instance, by taking a general
point φ of this resolution, U12+U13 and U12+U23 are well defined subspaces of
dimension r12+ r13− r123 and r12+ r23− r123 inside U12+U13+U23. Therefore,
they intersect in a subspace of dimension at least
r12 + r13 + r23 − r123 − (r12 + r13 − r123)− (r12 + r23 − r123) = r12,
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which is exactly the bound we want for the dimension of U12. In the same way,
the dimension of the intersection of U12 + U13, U12 + U13 and U12 + U13 is at
least
2(r12 + r13 + r23 − r123)− (r12 + r13 − r123)+
−(r12 + r23 − r123)− (r13 + r23 − r123) = r123,
which is the required bound for the dimension of U123. A similar argument will
hold for the other desingularizations below.
Remark 3.21 tells us that the image (insideRd) of this collapsing is contained
in Or. To see if it is a desingularization, let us take an element φ ∈ Or. Then,
its preimage inside Wi lies over the (unique) point of the flag variety Fi whose
explicit expression is:
(Kerφa1 ⊂ φ
−1
a1 (U12 + U13) ⊂ V1)× (U12 + U13 + U23 ⊂ V2)×
×(Kerφa2 ⊂ φ
−1
a2 (U12 + U23) ⊂ V3)× (Kerφa3 ⊂ φ
−1
a3 (U13 + U23) ⊂ V4).
Therefore the morphism Wi → Or is generically one-to-one, and as a conse-
quence it makes Wi a desingularization of Or.
The second resolution (ii) we consider is obtained by just fixing ri for i =
1, 2, 3 and the dimension of U1 + U2 + U3; therefore the dimensions of Uij and
U123 are the minimal possible for the generic element φ ∈ Or. Then, the orbit
closure Or is resolved by the total space of
Wii = (V
∗
1 ⊗ U2,1)⊕ (((V3/U3,1)⊕ (V4/U4,1))
∗ ⊗ U2,2)
over
Fii = F (r1, x, V2)×Gr(d3 − r2, V3)×Gr(d4 − r3, V4).
This Kempf collapsing is of the same type of the one that could be used for
the quivers of type A2, and therefore it should be straightforward to see that it
is a desingularization. Notice that this resolution is not symmetric: indeed, a
particular role is played by V1, because in Fii we are parametrizing the image
of φa1 (while for φa2 , φa3 we are parametrizing the kernels).
Finally, in the third resolution (iii) we fix again ri for i = 1, 2, 3, and the
dimension of U1 + U2 + U3; as before, the dimensions of Uij and U123 are the
minimal possible for the generic element φ ∈ Or. The resolution of the orbit
closure is given by
Wiii = ((V1/U1)⊕ (V3/U3)⊕ (V4/U4))
∗ ⊗ U2
over
Fiii = Gr(d1 − r1, V1)×Gr(x, V2)×Gr(d3 − r2, V3)×Gr(d4 − r3, V4).
As before, it is straightforward to see that it is a desingularization.
Proposition 3.22. Let Or be an orbit closure in Rd which admits one of the
three resolutions (i), (ii), (iii).
The resolution of type (i) is never crepant.
The resolution of type (ii) and the resolution of type (iii) are crepant when
d2 =
∑
i ri, d1 = d3 = d4 = x.
15
Proof. The proof is similar to the one of Proposition 3.9. We just remark that
the condition for (i) to be crepant is d1 = d2/3 = d3 = d4 = ri = rjk = r123 for
all i, j < k. But this is not possible, the definition of Fi requires that r1 < d1,
r2 < d3, r3 < d4.
4 Applications to orbital degeneracy loci
Orbital degeneracy loci are a generalization of both zero loci and degeneracy
loci of morphisms between vector bundles. They can be thought of as the rel-
ative construction of a certain model, which is typically an orbit closure inside
a representation of an algebraic group. In this section, we study quiver de-
generacy loci, i.e. degeneracy loci constructed from orbit closures inside quiver
representations.
4.1 Preliminaries
We recall some notation for orbital degeneracy loci (which will be denoted from
now on by ODL). As a reference, see [BFMT17].
Fix an algebraic group G, a finite dimensional G-module V , and a closed G-
invariant subvariety Y ⊂ V . Consider a variety X equipped with a G-principal
bundle E . One can construct from this data a vector bundle EV on X , whose
fiber over each point is isomorphic to V as a G-module. Let s be a section of
EV . Then, one can construct the Y -degeneracy locus associated to s, which is
denoted by DY (s) ([BFMT17, Definition 2.1]). Indeed, the inclusion Y ⊂ V
can be relativized over X to the inclusion EY ⊂ EV ; then DY (s) is defined as
the locus of points in X which are sent by s inside EY . If the bundle EV is
globally generated, and the section s is general, DY (s) satisfies nice properties
([BFMT17, Proposition 2.3]); in particular, codimX(DY (s)) = codimV (Y ).
Suppose now that there exists a subbundle W of the trivial bundle V ×G/P
over the homogeneous variety G/P , such that its total space is a desingular-
ization of Y ⊂ V via the natural projection. Then it is possible to relativize
this construction, and obtain a resolution of DY (s). This resolution will live
inside the variety EG/P , which admits a fibration π : EG/P → X whose fiber
is isomorphic to G/P . Denote by QW the quotient of π
∗EV by EW (seen as a
vector bundle over EG/P ). Then s induces a section s˜ of QW , and its zero locus
Z (s˜) is the wanted resolution of DY (s) (again refer to [BFMT17, Proposition
2.3]). The following result explains why crepant resolutions are interesting in
this context:
Proposition 4.1 ([BFMT17]). Suppose that the resolution of singularities pW :
W → Y satisfies
det(W ) = KG/P .
If EV is globally generated and s is a general section, then the canonical sheaf
of DY (s) is the restriction of some line bundle on X. In particular, DY (s) is
Gorenstein and has canonical singularities.
Notice that the line bundle mentioned in the previous proposition can be
computed explicitly. This is a consequence of the adjunction formula for zero
loci applied to Z (s˜).
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4.2 Quiver degeneracy loci
In this section, we use the results we found on crepancy of resolutions of quiver
orbit closures to construct some examples of orbital degeneracy loci. As already
pointed out, the fact that the resolution is crepant allows us to compute the
canonical bundle of these loci. We exhibit a sample of constructions of varieties
(especially fourfolds) with trivial canonical bundle.
All the computations in cohomology, in particular the computation of the
Euler characteristic of the trivial bundle, have been done with Macaulay2([GS]).
With this software in our cases it was possible to explicitly construct the reso-
lution of the orbital degeneracy loci and perform the computations we need in
the cohomology ring of the variety.
4.2.1 Quiver degeneracy loci of type A3
We begin by considering the case of quivers of type A3 described in Section
3.1.1 (refer to it for the notations). If we want to consider ODLs, we need
to fix a smooth projective variety X , and three vector bundles E1, E2, E3 of
dimensions d1, d2, d3 on it, such that Hom(E1, E2) ⊕ Hom(E3, E2) is globally
generated. Then, suppose that s is a general section of this bundle, and fix an
orbit closure Y = Or1,r2,p1 inside Rd = Hom(C
d1 ,Cd2)⊕Hom(Cd3 ,Cd2). Recall
that DY (s) is the locus of points x ∈ X which are sent by the section s inside
Y ⊂ (Hom(E1, E2)⊕Hom(E3, E2))x ∼= Rd.
Theorem 4.2. Let DY (s) be defined as above, where Y = Or1,r2,p1 ⊂ Rd.
Then KDY (s), codimX(DY (s)) and a lower bound for codimDY (s) Sing(DY (s))
are given by the formulas in Table 1.
Table 1: ODL from a quiver of type A3 with a1(1) = a2(1) = s2. We use the
following variables: η1 = d1 − r1, η2 = d2 − p1, η3 = d3 − r2.
Case
(Thm. 3.4)
KDY (s)/X codimX DY (s) codimDY (s) Sing
(i)
detE−r21 ⊗
detEp12 ⊗ detE
−r1
3
η21 + η
2
2 + η
2
3+
+η2(η1 + η3)
≥ min
{ 2η1 + 1
2η3 + 1
2η2 + 1
}
(ii)
detE−d2+p11 ⊗
(detE∗2 ⊗ detE3)
−d2+r2
η23 + η
2
2 + η3η2 ≥ min
{
2η3 + 1
2η2 + 1
}
(iii)
(detE1 ⊗ detE∗2⊗
detE3)−d2+p1
η22 ≥ 2η2 + 1
Proof. By [BFMT17][Prop. 2.3], we have that codimX(DY (s)) = codimRd Y
and codimDY (s) Sing(DY (s)) = codimY Sing(Y ). The first quantity can be com-
puted directly from the resolution of singularities we have. For the codimension
of the singularities, we explain the case of the resolution Wi over Fi (the others
are similar).
The singularities are contained in the locus in the orbit closure Y where the
map π : Wi → Y ⊂ Rd is not an isomorphism. As Y is normal ([BZ01]), the
morphism π restricted to the fiber over such a point is a contraction. Take a
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point y ∈ Y . If dim(Ker y1) = d1 − r1, dim(Ker y2) = d3 − r2, dim(Im y1 +
Im y2) = p1, then π
−1y is a single point. Therefore, if y is in the singular locus,
then either dim(Ker y1) > d1 − r1 or dim(Ker y2) > d3 − r2 or dim(Im y1 +
Im y2) < p1. As a consequence, the singular locus is contained in the union of
three orbit closures, i.e.
(1) Sing(Y ) ⊂ Or1−1,r2,p1 ∪Or1,r2−1,p1 ∪ Or1,r2,p1−1,
whose dimension are easy to compute from their resolution, giving the bound
for codimDY (s) Sing of Table 1.
Finally, to compute the canonical bundle, recall that, from [BFMT17], a
crepant resolution of DY (s) is given by π|Z (s˜) : Z (s˜) → DY (s). This is the
zero locus of the section s˜ (which is constructed from s) of the bundle
QWi := ((E
∗
1 ⊕ E
∗
3 )⊗ E2)/((Q
∗
1 ⊕Q
∗
3)⊗ U2)
over the Grassmannian bundle
Fi(E1, E2, E3) := Gr(d1 − r1, E1)×Gr(p1, E2)×Gr(d3 − r2, E3)
over X . This, together with the adjunction formula, gives
KZ (s˜) = (π
∗(KX)⊗KFi(E1,E2,E3)/X ⊗ det(QWi))|Z (s˜).
An easy computation shows that
KZ (s˜) = π|
∗
Z (s˜)((KX ⊗ detE
−r2
1 ⊗ detE
p1
2 ⊗ detE
−r1
3 )|DY (s)),
which implies that
KDY (s) = KX ⊗ detE
−r2
1 ⊗ detE
p1
2 ⊗ detE
−r1
3 .
Remark 4.3. In order to compute exactly the codimension of the singular
locus it would be necessary, for instance, to know that the desingularization
morphism does not contract any divisor. In this case, the morphism restricts
to an isomorphism over the smooth locus of Y , and equality holds in (1) (thus
giving equality in the last column of Table 1).
Suppose that the resolution is given by W = U ⊗W ′ over F = Gr(a, v)×F ′,
for W ′ a vector bundle of rank w over the variety F ′. Then there is a locus
E contracted by the morphism π : W → Rd, whose general fiber is P
w−a,
and whose image is resolved by U ⊗W ′ over Gr(a − 1, v) × F ′. By a simple
computation, one gets that
codim(E) = w − a+ 1.
Therefore, if the contracted locus E˜ of π is the union of such E’s, and for each
of them w > a, no divisor is contained in E˜. This is the case for example of
(Fi,Wi) when r1, r2 < p1 < r1 + r2. Similarly, one can work out the case of
orbit closures admitting other desingularizations.
The following are some explicit examples of such loci.
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Example 4.4. Take X = Gr(4, 8), E1 = 2(OX(−1) ⊕ OX), E2 = Q ⊕ OX ,
E3 = 3OX , and the orbit closure Y = O3,1,3. Then DY (s) is a smooth fourfold
with trivial canonical bundle and χ(ODY (s)) = 2.
Example 4.5. Take X = IGr(2, 8), E1 = U ⊕ OX(−1), E2 = U
∗ ⊕ 2OX , E3 =
2OX , and the orbit closure Y = O2,1,2. Then DY (s) is a fourfold with trivial
canonical bundle, singular in codimension three, and whose resolution satisfies
χ(OZ (s˜)) = 2.
Example 4.6. TakeX = OGr(2, 9), E1 = 3OX , E2 = U
∗⊕2OX , E3 = U , and the
orbit closure Y = O2,1,2. Then DY (s) is a fourfold with trivial canonical bundle
singular in codimension three and whose resolution satisfies χ(OZ (s˜)) = 2.
We next consider the quiver studied in Section 3.1.2 (refer to it for the nota-
tions). In the relative setting, we fix a smooth projective variety X , three vector
bundles E1, E2, E3 of ranks d1, d2, d3 such that Hom(E2, E1)⊕ Hom(E2, E3) is
globally generated. Then, suppose that s is a general section of this bundle, and
fix an orbit closure Y = Ok1,k2,q1 inside Rd = Hom(C
d2 ,Cd1)⊕Hom(Cd2 ,Cd3).
Recall that DY (s) is the locus of points x ∈ X which are sent by the section s
inside Y ⊂ (Hom(E2, E1)⊕Hom(E2, E3))x ∼= Rd.
Theorem 4.7. Let DY (s) be defined as above, where Y = Ok1,k2,q1 ⊂ Rd.
Then KDY (s), codimX(DY (s)) and a lower bound for codimDY (s) Sing(DY (s))
are given in Table 2.
Proof. The proof is similar to the one of Theorem 4.2.
Table 2: ODL from a quiver of type A3 with a1(0) = a2(0) = s2. We use the
following variables: η1 = d2 − k1, η2 = d2 − k2.
Case KDY (s)/X codimX DY (s) codimDY (s) Sing
(i)
detEd2−k21 ⊗
detE−d2+q12 ⊗ detE
d2−k1
3
η21 + η
2
2 + q
2
1+
−q1(η1 + η2)
≥ min
{ 2(η1 − q1) + 1
2(η2 − q1) + 1
2q1 + 1
}
(ii)
detEq11 ⊗ detE
d1
3 ⊗
detE−d1−q12
(d3 − η2)2 − q21
+(d3 − η2)q1
≥ min
{
2(d3 − η2) + 1
2q1 + 1
}
Finally, let Q be the quiver appearing in Section 3.1.3 (refer to it for the nota-
tions). In the relative setting, we fix a smooth projective variety X , three vector
bundles E1, E2, E3 of dimension d1, d2, d3 such that Hom(E1, E2)⊕Hom(E2, E3)
is globally generated. Then, suppose that s is a general section of this bun-
dle, and fix an orbit closure Y = Or1,k2,u1 inside Rd = Hom(C
d1 ,Cd2) ⊕
Hom(Cd2 ,Cd3). Recall that DY (s) is the locus of points x ∈ X which are
sent by the section s inside Y ⊂ (Hom(E1, E2)⊕Hom(E2, E3))x ∼= Rd.
Theorem 4.8. Let DY (s) be defined as above, where Y = Or1,k2,u1 ⊂ Rd.
Then KDY (s), codimX(DY (s)) and a lower bound for codimDY (s) Sing(DY (s))
are given in Table 3.
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Table 3: ODL from a quiver of type A3with a1(0) = s1, a2(0) = s2. We use the
following variables: η1 = k2 − d1 + r1, η2 = d2 − u1.
Case KDY (s)/X codimX DY (s) codimDY (s) Sing
(i)
detE−k21 ⊗
detEk23
k22 + (d1 − r1)
2 ≥ min
{
2(d1 − r1) + 1
2(d2 − d1) + 1
k2 + 1
}
(ii)
detE−d2+r11 ⊗
detEk23
2(d1 − r1)2 + η1η2+
+(d1 − r1)(η1 + η2)
≥ 2(d1 − r1) + 1
4.2.2 Quiver degeneracy loci of type D4
For notations, we refer to Section 3.3. In order to construct the degeneracy
loci, we fix a smooth projective variety X , four vector bundles E1, E2, E3, E4 of
dimension d1, d2, d3, d4 such that Hom(E1, E2) ⊕ Hom(E3, E2) ⊕ Hom(E4, E2)
is globally generated. Then, suppose that s is a general section of this bundle,
and fix an orbit closure Y = Or inside Rd = Hom(C
d1 ,Cd2)⊕Hom(Cd3 ,Cd2)⊕
Hom(Cd4 ,Cd2). Recall that DY (s) is the locus of points x ∈ X which are sent by
the section s inside Y ⊂ (Hom(E1, E2)⊕Hom(E3, E2)⊕Hom(E4, E2))x ∼= Rd.
Theorem 4.9. Let DY (s) be defined as above, where Y = Or ⊂ Rd is resolved
by the resolution of type (ii) or (iii). Then
KDY (s)/X = detE
r1−d2
1 ⊗ detE
2x
2 ⊗ detE
r2−d2
3 ⊗ detE
r3−d2
4 ,
codimX(DY (s)) =
∑
i
r2i + x
2,
codimDY (s) Sing(DY (s)) ≥ min
{ d1 + x− 2r1 + 1
d2 + r1 + r2 + r3 − 2x+ 1
d3 + x− 2r2 + 1
d4 + x− 2r3 + 1
}
.
Proof. The proof is similar to the one of Theorem 4.2.
The easiest way to construct varieties with trivial canonical bundle in this
case is to assume that E1, E3, E4 are trivial and E2 is globally generated. We
give two explicit examples of ODLs.
Example 4.10. Take X the intersection of a section of O(1) and a section of
O(2) inside Gr(3, 7); moreover take E1 = 2OX , E2 = U
∗, E3 = 2OX , and
E4 = 2OX . The orbit closure chosen will be Y = Or1,r2,r3,x = O1,1,1,2. Then
DY (s) is a singular (over a finite number of points) threefold whose resolution
of singularities is of type Calabi-Yau.
This singular variety is a hypersurface inside two singular (over a curve)
almost Fano fourfolds F1, F2, which are the corresponding degeneracy loci when
the base variety X is a section of respectively O(1) and O(2) inside Gr(3, 7).
We computed some invariants of their resolutions F˜1 and F˜2:
Example 4.11. Take X the intersection of two sections of O(1) inside Gr(3, 7);
moreover take E1 = 2OX , E2 = U
∗, E3 = 2OX , and E4 = 2OX . The orbit
closure chosen will be Y = Or1,r2,r3,x = O1,1,1,2. Then DY (s) is a singular (over
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Table 4: Some invariants of F˜1 and F˜2
i (−KF˜i)
4 χ(Ω1
F˜i
) χ(Ω2
F˜i
) χ(−KF˜i)
1 224 −4 8 51
2 28 −16 94 12
a finite number of points) almost Fano threefold F whose resolution F˜ has the
following invariants: (−KF˜ )
3 = 14, χ(Ω1
F˜
) = −2, χ(−KF˜ ) = 10.
Example 4.12. Take X a section of O(3) inside Gr(3, 7); moreover take E1 =
2OX , E2 = U
∗, E3 = 2OX , and E4 = 2OX . The orbit closure chosen will be
Y = Or1,r2,r3,x = O1,1,1,2. Then DY (s) is a singular (over a curve) fourfold
whose resolution has trivial canonical bundle and χ(OZ (s˜)) = 2.
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